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1 Motivation

In the last decade the field of energy transport and thermodynamics in low-dimensional
systems regained interest, although the question of the necessary requirements for ergodicity
and thermalization dates back to the well-known Fermi-Pasta-Ulam (FPU) problem in the
1950s [1]. Since then, researchers have remained interested in the essential processes that
lead to the phenomenologically established Fourier’s law. It states that the existence of a
temperature gradient causes a heat flux that counters the spatial difference in thermal energy.

In order to study which microscopic phenomena are building up the macroscopically ob-
tained diffusion, simple low-dimensional models have been developed [2,3]. Most of them consist
of particles in lattices in one or two dimensions, in order to facilitate the numerical simulation
of nonlinear interactions. In addition to the already mentioned FPU problem, other models
of interest include harmonic or nonlinear particle interactions, possibly with additional on-site
potentials or disorder. [4–9]. Heat transport turned out to be not trivial at all in these systems.
In harmonic models the thermal conductivity diverges in the thermodynamic limit, giving a
flat temperature distribution. A study of the FPU model showed that this divergence prevails
nonlinear interactions. This poses a clear contrast to Fourier’s law.

Although there remain unanswered questions in the classical regime, soon the question how
quantum thermodynamics differ from its classical counterpart was brought up [10, 11]. An
excellent system to study thermodynamics in arbitrary dimensions in the classical as well as
in the quantum regime are trapped ions [12]. The understanding of the thermal conduction
properties of ion strings and crystals is not only interesting in order to confirm the mentioned
theoretical work, but also for the engineering of quantum states for quantum computing.

First investigations analyzed the rich thermodynamics of one- and two-dimensional crystals
[13, 14], which may be revealed by measuring ion temperatures. Reference [15] showed how
energy transport in ion strings can be tracked in a time-resolved manner. Other advances in
quantum thermodynamics focused on the realization of single-ion heat engines [16].

In addition to the precise control of particles, Coulomb crystals are also interesting due to
the possibility of engineering solitonic defects, called kinks [17, 18]. The dynamics and phases
of these quasiparticles have been investigated in recent years [19]. These experiments allow
for the study of friction at nanoscales, since they approximately constitute a realization of the
celebrated Frenkel-Kontorova model [20]. Most interestingly, the kink defect can break the
symmetry of the ion crystal, leading to the localization of eigenmodes.

The purpose of this work is to investigate how energy transport takes place in different phases
of an Coulomb crystal. It should give an understanding of what features are of importance for
the excitation dynamics and might hint towards unexpected phenomena in the presence of
kinks. This should lay the foundations for further studies of the thermodynamic properties of
topological defects in ion crystals.

2 Introduction

Here, we introduce the considered system of trapped ions, the different crystal phases and the
possible defects. In addition, the key features of the Frenkel-Kontorova model to describe the
kink behavior are briefly discussed. This introductory section sets the basis for the discussion
of following sections.

2.1 Trapped Ion Systems

The aim of confining atoms and molecules emerged in the field of mass spectrometry in the
1950s. At that time, electric and magnetic multipole fields were studied as possible means to
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focus particle beams and increase the sensitivity of the experiments. The investigation of the
behavior of charged and dipolar particles quickly showed that the Maxwell equations forbid
a confining static quadrupole potential. This was rigorously proven by Earnshaw already in
1842 [21]. Since the divergence of any electric field configuration must vanish in vacuum,
it cannot provide an equilibrium position. The saddle shaped potential of a quadrupole is
always unstable in one dimension. This problem is solved by a homogeneous magnetic field in
a Penning trap [22]. The charged particles are constrained to cylindrical trajectories by the
Lorentz force. The movement along the magnetic field can then be limited by a static electric
quadrupole. In 1954, W. Paul introduced an alternative confinement strategy, for which he
received the Nobel prize in 1989. The key idea was to use an oscillating field to obtain an
effective trapping [23, 24]. His so-called ”Ionenkäfig” consisted of a saddle potential with a
periodically changing amplitude:

V (r, z, t) = (U0 + V0 cos Ωt) (r2 − 2z2) r2 = x2 + y2 (1)

The oscillating sign of the quadrupole potential determines in which direction a charged particle
is confined. The interesting discovery was that stable solutions of the equations of motion exist.
An analysis of the set of Mathieu equations describing the dynamics reveals that for certain
choices of the trap parameters the time-dependent electric potential can give a net field that
has linear restoring force in all directions [25]. Thus, a charged particle cannot escape the trap,
provided that its thermal energy is low enough. The particle trajectories are then given by a
secular motion, due to the overall confinement of the trap, and a micromotion induced by the
radio frequency oscillations of the potential amplitude.

Although the Paul trap was originally engineered for the purpose of mass spectrometry, it
was quickly employed for ion and molecule spectroscopy and measurements of g-factors [26,27].
The field experienced a substantial boost of interest with the invention of laser techniques.
It enhanced the signal to noise ratio during the detection process and made a more precise
spectroscopy of hyperfine structures possible. Most importantly, it was the use of lasers to
cool atoms and ions that significantly changed the field and made modern day experiments
imaginable.

Frequency-stable laser light enables the slowing down of the ions in a large temperature
range. Various techniques were introduced, prominently Doppler cooling, which takes advantage
of the directed momentum transfer of the laser photons in a resonant absorption. Side-band
cooling and even more advanced methods, like sisyphus cooling, can bring the trapped ions
to ultra cold temperatures [28]. Modern experiments rely on linear Paul traps, which get rid
of the hyperboloid electrodes that were used to create the quadrupole field before. The linear
arrangement (seen in figure 1) is based on four electrodes (here depicted as wires) that are
separated to build the confinement along the experiment. The advantage of this technique
results from the better accessibility of the trap region for laser beams that cool and detect the
particles [29].

This progress made good control over the velocity distribution inside the ion cloud possible.
It also opened the path towards ion crystallization at low temperatures [30–32]. When the
Coulomb interaction dominates the thermal energy, the ions abandon their chaotic motion
across the trap and settle at static positions. This crystalline phase is called a Coulomb crystal.

These crystals are suitable testbeds for a wide branch of fields, ranging from precise atom
clocks in metrology to tests of fundamental theories and constants [33–36]. Achieving tem-
perature scales that reveal the quantum nature of the atoms brings them into the focus of a
research area that attracted attention in the modern time: quantum information [37–39]. The
possibility to realize the preparation, manipulation and nondestructive measurement of quan-
tum states in such system makes ultra cold ions a candidate for an experimental realization of
quantum computing.
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Figure 1: Left: Schematic picture of a linear Paul trap. The lasers cool the atoms to cold
temperatures until crystallization can take place. The trap consists of linear electrodes creating
a pseudo-harmonic trapping potential (orange). The ions fluorescence can be imaged by a
camera. Image from reference [20].
Right: Picture of a crystal of seven 24Mg+ ions taken from reference [30].

2.1.1 Model and phases of trapped ion crystals

This section presents the concrete model of an quadrupole trap that is used to study excita-
tion dynamics below. Also, the different phases of Coulomb crystals that have been simulated
are introduced.

In this work, we consider a given number of ions in a linear Paul trap. Specifically, we
study the case of N = 30 singly-charged 172Yb+ ions. These choices are of direct interest
for experiments performed at the PTB. The trap potential is assumed to be quadratic, which
neglects the fast oscillations of the Paul trap [24]. In addition, the Coulomb force acts among
the ions. The overall potential is then given by:

V =
N∑
i

1

2
mω2

z(z
2
i + α2x2i + β2y2i ) +

1

2

N∑
i,j 6=i

e2

4πε0

1

|~ri − ~rj|
; with ~ri =

zixi
yi

 (2)

where ωz is the trap frequency in the z-direction. It is fixed throughout the thesis to
ωz =2π·25kHz (again a typical value in experiments). α and β determine the trap frequencies
in the x- and y-direction, i.e. α = ωx

ωz
and β = ωy

ωz
. It is important to note that the the potential

has mirror symmetry ~r ↔ −~r, so that all states reached by this type of transformation have
the same energy.

α and β are the only parameters of the system, they determine the shape of the crystal
formed by the ions. For a very asymmetric trap α,β � 1 the ions form a chain along the z-axis,
as seen in figure 2 (top) [31]. Therefore, the z-direction is also referred to as the axial direction.
When lowering α or β the chain undergoes a structural phase transition into a two-dimensional
crystal [40]. The ions try to maximize their distances due to Coulomb repulsion and arrange in
a triangle-shaped configuration [41]. This is what is called the zigzag phase of the crystal (see
figure 2 (bottom)). The ground state of this phase is double degenerate because flipping the
ion positions vertically produces a different state (zagzig) with the ground state energy. The
plane of the crystal lies in the x-z- or the y-z-plane, depending on whether one quenches α or
β. Since this choice does not influence the physical behavior, we vary α and fix β = 40, so that
ωy =2π · 1 MHz. Therefore, the x-direction will also be called transversal or radial dimension.
Note that in experiments the value of β might not be independent of α , so that not all crystal
shapes of this model can be realized.
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Figure 2: Coulomb crystal of Ytterbium ions in the linear phase (top) and in the zigzag phase
(bottom). Photos of reference [42].

It should be mentioned that other structural transitions take place for other choices of
parameters. If one quenches β as well, the ions arrange also in the out of plane direction and
form a cigar-shaped helix [41, 43]. In addition, when one lowers α to values close to unity
the crystals shape becomes more and more spherical [44]. Again, a critical point marks the
transition to a crystal consisting of 3 chains of ions on top of each other. These phases have
not been considered in the frame of this thesis.

Simulating the dynamics of the systems requires solving the 3N equations of motion, which
can only be achieved numerically (neglecting the trivial cases of N = 1, 2). This can be done
by a standard fourth order Runge-Kutta method [45]. To bring the atoms to their equilibrium
state, they are initialized inside the trap at positions close to the desired ground state. Their
motion is then damped until the total kinetic energy vanishes. In this way the static equilibrium
positions of the ion for a specific α are found.

2.2 Topological defects in the Frenkel-Kontorova model

In recent years research has shown that ion crystals in Paul traps are a promising system
to study the Frenkel-Kontorova model (FKM). Of special interest is the possible existence of
topological defects, also called kinks, and the Aubry phase transition. In this chapter we want to
review briefly the main aspects of the FKM, which are essential to understand its experimental
realization in trapped ion systems.

The original version of the FKM [46] consists of an infinite number of classical particles
(atoms) in an infinite one-dimensional space. Each particle is coupled to its neighbor particles
by a harmonic spring. In addition, the particles find themselves in a sinusoidal potential. These
two simple ingredients are already enough to give rise to a number of interesting effects and
excitations. The potential of the model reads:

V = Vint + Vpot =
∞∑
i

g

2
(xi − xi+1 − a0)2 +

∞∑
i

ε

2

(
1− cos

(
2πxi
ap

))
(3)

where g is the spring constant of the springs connecting the particles, a0 is the equilibrium length
of the springs, ε is the amplitude of the underlying periodic potential and ap is its period. xi
are the positions of the particles in the only available dimension. It is useful to renormalize the
scales in order to reduce the number of parameters. This leaves only two effective parameters,
the ratio between a0 and ap and the ratio between the energy scales g and ε. As shown in the
following section, both ratios play an important role.

Although originally proposed as an infinite system, it is clear that any realization of the
FKM has to remain finite. Therefore, another section below is dedicated to the features that
change when only a finite number of particles is considered.
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Figure 3: Left: Ground state for the commensurate FKM with θ = 2 (middle). The elementary
cell consists of one ion and has length l = 2ap. The top configuration exhibits a kink (solid
arrow), while the bottom one has an antikink (solid arrow). The different types of kinks can
move by l when one particle is moved by ap (dashed arrows indicate new kink positions).Image
taken from reference [47].
Right: Spectrum of an incommensurate FKM. The triangles (top curve) is for the pinned
phase ε > εcrit, circles (bottom) for the sliding phase ε < εcrit. The inlay shows the vanishing
sliding mode in the latter case. Graph from reference [48].

2.2.1 Infinite Frenkel-Kontorova model

In the model with an infinite number of particles N → ∞ and a infinite system length
L→∞ it is convenient to introduce θ:

θ =
a0
ap

This parameter gives the ratio between the equilibrium length of the springs and the period of
the nonlinear potential. The value of θ determines the phase of the system. If θ ∈ Q, the ground
state of the system is called commensurate, otherwise the system is in the incommensurate
phase [47].

In the case of a commensurate chain, the period of the potential and the spring length have
a least common multiple, which is the length l of the elementary cell of the ground state [49].
In other words, the positions of the particles have a period of l. An example is shown in figure
3 (left).

θ =
s

q
s, q ∈ N ⇒ xk+q = xk + l l = s · ap = q · a0 (4)

Since there are q particles in the elementary cell, the spectrum of eigenmodes has q branches,
which are all optical due to the confinement by Vpot. This is important to note, since this will
change in the incommensurate phase.

The beauty of the FKM is that, although it contains only a simple nonlinear potential, it
gives rise to topological defects [50]. There are several ways to understand how exactly these
so-called kinks can be created. One way is to note that the ground state is infinitely degenerate
because a collective translation or a relabelling of the particle positions does not change the
systems energy. A kink is nothing else than a link between two ground states (see the top or
bottom configuration in figure 3 (left)). This excitation is stable, since a shift of a finite number
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of ions only relocates the defect. Another way to understand the creation of a kink is to remove
or add one particle to the system in one particular ground state.

Because the kink is a topologically stable excitation, it can be treated as a particle with
its own position, momentum, kinetic and potential energy. The movement of a kink has been
a special focus of research [51]. From the form of the potential Vpot, it is clear that the kink
potential energy is of a periodic nature with period l. In the literature, the effective potential
for the defects is often referred to as Peierls-Nabarro (PN) potential [52,53]. To move from one
minimum to the next, the kink has to overcome a potential barrier, called the PN barrier. The
size of the PN barrier is determined by the energy scales g and ε. It is always finite, so that
the kink movement has a certain energy threshold [49].

Another interesting feature appears when the system is in the incommensurate phase [47].
In this case, the system cannot find a periodic arrangement of particles. The incommensurate
phase and its features can be understood as the limit of the commensurate phase with diverging
length of the elementary cell.

If the potential amplitude is small, the interparticle effects dominate the ground state con-
figuration. The springs between the particles are approximately in equilibrium [48]. Since the
ratio between the spring length a0 and ap is irrational, the particles sit at all possible poten-
tial amplitudes. In particular, one can always find a particle that sits arbitrary close to one
maximum of the potential. Although it is unfavourable for the particle to be at a potential
maximum, the interaction is strong enough to stabilize it. It is convenient to introduce an
order parameter that measures the minimal distance of the particles to a potential maximum.
For low ε, this order parameter is zero and a so called sliding mode emerges as one of the
eigenmodes of the system [54]. It stems from the fact that the force inflicted by the sinusoidal
potential averaged over all ions is zero. Therefore, one mode of motion of the system has a
no energy cost, which manifests in a vanishing frequency [55]. The mode spectrum for the
incommensurate chain can be seen in figure 3 (right).

The situation differs when ε is larger than a critical value εcrit, marking the Aubry-transition.
At this point, the interaction is not strong enough to force the particles into a quasi-equidistant
configuration close to the spring equilibrium. The potential minima are deep enough to pin
the particles [48]. Hence, this is called the pinned phase. The order parameter becomes finite
abruptly and the ground state is now characterized by particles sitting close to the potential
minima. Furthermore, the sliding mode disappears and the eigenmodes localize [56]. In the
pinned phase all ions experience a restoring force around their equilibrium positions and, as a
consequence, all modes have a nonzero frequency.

Before moving on to the next section about a finite system, it is important to emphasize
that in the infinite FKM a kink from the commensurate phase and the Aubry-transition from
the incommensurate phase cannot coexist.

2.2.2 Finite Frenkel-Kontorova model

In a system with a finite number of particles the features of the FKM partially change.
Most interestingly, features of both phases of the infinite FKM can be retrieved in the finite
system.

The distinction between commensurate and incommensurate phase does not apply for finite
systems, although the parameter θ is still important. It controls the length M of the chain [57].
It is given by the integer number of potential wells over which the chain spreads. Obviously, M
= N holds for θ = 1, while M decreases for smaller values of θ. The number of potential wells
that are occupied by more than one ion is then given by n = N−M (the so-called chain order).
A negative value here means that some wells are occupied with fewer particles. The possible
static chain configurations for a fixed number of particles can be sorted by the chain order n
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Figure 4: Left: States for a finite FKM with N = 5 atoms. The states are labeled by n, which
increases with smaller θ. When θ is chosen accordingly, the < 1 >s state is the ground state
for a small ε and has a kink. For ε > εcrit the finite-Aubry transition breaks the symmetry of
the crystal, < 1 >a now gives minimal energy. Image from reference [47].
Right: Frequency of the lowest eigenmode of the chain at ε ≈ εcrit. Diagram taken from [58].

and the symmetry of the chain, a simple example is shown in figure 4 (left). For a fixed n the
chain can be symmetric or asymmetric. When the potential influence is small, it is clear that
the ground state configuration is always symmetric. As we will see, there exist configurations
in which the chain symmetry is abruptly broken when increasing ε.

Interestingly, in the case of an odd particle number and odd chain order exactly n kinks
appear naturally in the system [58]. Since there is always an odd number of kinks, and they
repel each other and are repelled by the chain ends, a defect always sits in the chain middle. As
previously mentioned, for small ε the chain is symmetric, which consequently leads to one ion
sitting on top of a potential maximum. The order parameter is again zero. The configuration
is only stable as long as the spring forces are stronger than the potential forces.

There is a critical value for which potential and spring forces cancel each other. The exact
value of εcrit depends on the strength of spring interactions and therefore on g and N [59]. For
ε > εcrit the symmetry of the chain is broken, as the center ion slips into one of the neighboring
potential wells. The new ground state is double degenerate, since the center particle can choose
to move to the left or the right. In this phase the potential forces dominate, pushing the particles
towards minima. The physics resemble very much that of the incommensurate FKM, and hence
one could expect a similar Aubry phase transition. However, since the kinks are always confined
by the chains ends there cannot exist a sliding mode with vanishing frequency below εcrit [60].
It turns out that the breaking of symmetry coincides with the vanishing of the now called kink
mode (figure 4 (right)). For ε different than the critical value the kink mode frequency is finite.
This is called the finite-Aubry or Aubry-type transition in the literature [58].

It is important to note that only the presence of a kink in the chain enables the finite-Aubry
transition. In the case of the infinite FKM a kink could only exist in the commensurate phase
while the Aubry transition was only observable in the incommensurate phase. The finite-Aubry
transition is only possible for an odd number of atoms in the system and a certain choice of θ.
All other settings do not show a symmetry breaking.

In the late 2000s [61, 62], it was proposed to realize these features in a cold ion system.
Those ideas and the resulting experiments are presented in the next section.
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Figure 5: Left: Schematic picture of the experimental setup proposed in [61, 62]. A harmonic
potential from the linear Paul trap (red) confines the ions (blue). The interrogation potential
(black) is implemented by an optical lattice.
Right: Measured friction force of the chain dependent on the strength of the optical lattice
for 1 (black), 2 (red), 3 (green) and 5 (blue) ions. The trap parameters have been chosen so
that the ion configuration is quasi-incommensurate. The friction force is zero for weak optical
lattices while above a critical value the curves increase linearly. The critical value εcrit marks the
pinning of the chain in the lattice minima. The value of εcrit depends on the ion number, which
is not the case for a quasi-commensurate configuration (inlay). Graph taken from reference [63].

2.3 FKM physics in trapped ion systems

Following the above-mentioned theoretical proposals, the finite FKM was realized with cold
ions. The idea was to implement the sinusoidal potential by an electric standing wave field.
Charged particles in a chain would mimic the classical particles in the FKM. This setup is
schematically depicted in figure 5 (left). Since the Coulomb interaction is repulsive, the ions
must be trapped by a linear Paul trap [24]. This results in some complications.

First of all, the particle interaction is long-range, which is not included in the Frenkel-
Kontorova model. However, the data shows that the assumption of only neighbor interaction
gives good results [61].

Another problem is the fact that the trap violates the translational invariance of the finite
FKM heavily. The phase of the standing wave field at the trap center plays a role for the
properties of the system. Either the middle of the trap potential or the phase of the underlying
potential should be kept track of. In fact, the freedom to choose the trap minima in relation
to the standing wave is used to measure the force that is necessary to slide the ion chain along
the potential. [63].

Finally, it is important to note here that the equilibrium positions of the ions for ε = 0 are
not equidistant as they were in the FKM [29]. This actually comes in handy when trying to
create a configuration close to incommensurability.

Another limiting factor is the finite temperature in experimental cold ion systems as well
as the precision of the control of the system parameters and the exact observation of the ions.
The laser techniques available today are good tools to tackle these problems.

Various experimental groups have realized the proposed system and measured the finite-
Aubry transition by looking at mean friction forces [63]. A vanishing mean friction force for
small ε may be observed only when the trap parameter is chosen such that the static ion
positions do not match the potential. Above a critical threshold however, the friction force
experienced by the ion chain becomes nonzero. The value of the critical potential strength
depends on the amplitude of interactions, and therefore on the particle number.
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Another approach to study friction at nanoscales by simulating FKM physics is using topo-
logical defects in a zigzag ion crystal. These kinks have been experimentally observed during
the crystallization of a hot ion cloud in an anisotropic trap [17]. At the same time, it was
noted that the second-order phase transition from the linear to the zigzag Coulomb crystal
can be used to study defect formation through the Kibble-Zurek mechanism (KZM) [64]. The
probability to induce kinks becomes significant when rapidly quenching the control parameter
across the critical point. Using this feature, experiments on trapped ions have been recently
employed to probe precisely the scaling laws for defect formation predicted by the KZM [18].

The defects are only possible due to the double degeneracy of the ground state in the zigzag
crystal phase. During crystallization, as well as for the quench across the structural phase
transition, the local choice of equilibrium might mismatch between different domains. The
defect emerges as the link between two different ground states, here the zigzag and the zagzig.

The experiments exhibited different forms of kinks for different trap parameters, two of
them are shown in figure 6. They have been categorized into an extended class, for which the
defect consists of several ions, and the localized or odd form, which has only on ion sitting in
the crystal center [65]. Changing the transversal trapping confinement transforms the kinks
shape from one form into another and vice versa. Like the kinks in the FKM, these solitons
are confined by an effective PN potential, which determines the dynamics of the defect in the
Coulomb crystal [19]. The kink potential is periodic due to the local ion lattice in the zigzag
phase. However, the trap potential adds to the shape of the PN potential, that can be overall
confining for extended kinks or repulsive for localized kinks. In the latter case, the periodic
PN barriers, which stabilize the kink in its equilibrium position, vanish for large values of α.
The defect becomes unstable, moves to the edges of the crystal and disappears. Therefore, a
solitonic defect in a Coulomb crystal can only exist in a finite α range.

As a next step, further investigation of the defects revealed that they are a good testbed
to probe the finite-Aubry transition and its associated symmetry breaking [20,66]. Looking at
the zigzag phase as two strings of ions on top of each other, the Coulomb potential of the lower
ion chain results in a periodic corrugation potential acting onto the upper chain. The strength
of the chain interaction can directly be controlled by the trap parameter α , which determines
the transversal trapping potential. In this picture, the presence of the kink introduces a local
incommensurability into the system, which is necessary for Aubry-type physics. However, it is
clear that, unlike in the FKM, there is backaction, i.e. both chains influence each other.

It turns out that a finite-Aubry transition can indeed take place in this system. The friction
of the shear movement of the two ion strings vanishes at the transition between the sliding
and the pinned phase of the defect. Similar to the finite FKM, this lack of friction for a single
value of the control parameter α is expressed by a soft mode in the spectrum of the crystal.
The probing of the Aubry-type transition has been done spectroscopically by measuring the
resonance frequency of the shear movement [20,67]. The results can be seen in figure 6 (right).
The finite temperature in the system prevents a precise determination of the critical point. It
is shown that cooling the system below Doppler temperature would bring the results closer to
the theoretical prediction.
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Figure 6: Left: Photo of two types of kinks in a zigzag Coulomb crystal. The top one is
referred to as an odd kink, the bottom one as extended kink. Image from reference [19].
Right: Lowest eigenmode frequency of the crystal dependent on the radial trapping. Theory
curve for zero temperature (black line), numerical simulation for 5 µK (red circles) and 1 mK
(green triangles) and experimental data with error bars (blue triangles). Measurement from
reference [20].

2.4 Harmonic approximation

For small distortions of the crystal, the dynamics is well described by a harmonic approx-
imation of the potential (2) around the static configuration [68]. Within the second-order
approximation, the equations of motions become linear, and hence solvable. The simplest
approach to do this is transforming the interacting degrees of freedom that describe the ion
displacements into non-interacting harmonic oscillators consisting of the collective eigenmodes
of the system. This procedure is presented in the following. It will help us to understand the
dynamics that are investigated below.

Because we neglect thermal fluctuations in this work and the crystal is planar for the consid-
ered trap parameters, the motion in the crystal plane does not couple to motion perpendicular
to the plane. Thus a two-dimensional approximation is sufficient to study the features of interest
in this work. This leaves 2N relevant degrees of freedom.

We start by introducing the vector ~u, which contains all ion positions:

~u = {z1, . . . , zN , x1, . . . , xN} (5)

The subindex 0 will indicate below the equilibrium positions, determined by a full, numerical
simulation, as described above.

For small energies, the potential may be written in the form:

V ≈ V (~u0) +
1

2

2N∑
i,j

Ki,jdu
iduj +O(~u3) with Ki,j =

∂2V

∂ui∂uj

∣∣∣∣
~u0

; dui = ui − ui0 (6)

where K is the Hesse matrix of the potential V around the equilibrium ~u0, and dui is the
displacement of the ith component of ~u from the equilibrium. This potential describes 2N

harmonic oscillators with eigenfrequencies ϕi =
√

Ki,i

m
, which are coupled by hopping rates γi,j

given by the off-diagonal elements of K. This approximation is schematically shown in figure
7 (left).

K is a 2N × 2N symmetric matrix with real entries and can be diagonalized by a matrix
E [70].

K = E · Λ · E−1 Λ = diag(λ1, . . . , λ2N) E = (~v1| . . . |~v2N) (7)
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Figure 7: Left: A chain of coupled harmonic oscillators as described by equation (6). Each
oscillator is coupled to all others by the off-diagonal terms of the Hesse matrix. Picture taken
from [69].
Right: The eigenmodes in radial direction of a five ion chain. The mode on top is the common
mode, the second from top is the breathing mode. Image from reference [15].

The matrix E consists of the 2N eigenvectors ~vi which give the spatial distribution of the eigen-
modes. Each of these collective excitations of the crystal has a corresponding eigenfrequency

ωi =
√

λi
m

, which is given by the eigenvalue λi of K.

The easiest eigenmodes of the spectrum are the transversal and the axial common mode.
They describe the rigid motion of the crystal in the trap along the two considered axes [71].
Hence, the common mode frequencies match the secular frequencies of the trap. Because the
axial trapping frequency is set much lower than the radial one, the common mode along the z-
axis is the lowest mode for most α values. More complicated modes have an increasing number
of nodes in their spatial structure. For example, the so-called breathing mode has a single point
of vanishing amplitude at the crystal center [15]. The eigenmodes of a chain of 5 ions can be
seen in figure 7 (right).

Once the eigenvectors ~vi are known, the excitation amplitude of the jth mode is given by
bj = ~vj · d~u and the potential can be written as:

V ≈ V (~b = 0) +
1

2

2N∑
i

mω2
i b

2
i (8)

After this diagonalization the potential consists of 2N non-interacting harmonic oscillators bi(t).

For an initial mode amplitude distribution ~b(0) and vanishing initial kinetic energy the solution
of the equations of motion is well-known

bi(t) = bi(0) cos(ωit) → dui =
2N∑
j

vijbj(0) cos(ωjt) (9)

where vij is the ith component of ~vj. The eigenmode amplitudes bi(t) oscillate with their
respective eigenfrequency. Since the oscillators described by equation (6) are coupled to each
other, no eigenmode can describe the motion of only one single ion. Thus, a displacement of
only one atom always causes population in several parts of the spectrum [15]. Which modes
have a nonzero bi(0) is determined by the initial displacement and the structure of the ~vi. For
an initial excitation of ui the initial mode amplitudes are given by bj(0) = vij.

It should be mentioned that higher order expansions of (2) can be calculated easily as
well. They include higher order effects like eigenmode coupling and time-dependent mode
frequencies. The resulting equations of motion can then again be solved only numerically, and
as shown below, provide a crucial insight in the physics when nonlinearities are strong. Higher
order terms change the potential into:
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V ≈ V (~b = 0) +
1

2

2N∑
i

mω2
i b

2
i +

1

6

2N∑
i,j,k

L̃i,j,kbibjbk +
1

24

2N∑
i,j,k,l

M̃i,j,k,lbibjbkbl + . . . (10)

where L̃i,j,k and M̃i,j,k,l are given by higher derivatives of (2) transformed into the eigenmode
picture.

3 Results

In this part, the excitation dynamics in a trapped ion system is presented. Firstly, the
behavior is investigated in the linear and the defectless zigzag. This analysis should reveal the
important dynamical properties of the system. Basing on the first two sections, the influence
of the kink phases onto these features is studied in the last part. There, the effects of the
spontaneous symmetry breaking at the finite-Aubry transition are of special interest. Each
section is separated into two parts, which deal with an initial displacement along a different
dimension.

Particularly relevant for this work is how a local excitation of a single ion behaves in the
system, especially the propagation of the excitation and the average distribution of energy after
an appropriate averaging time. The former is monitored by tracking the kinetic energy of the
single ions in the crystal. The latter gives an estimate for the temperature distribution after
energy is brought into the system by the excitation. The average energy of one particle is
defined as:

< Ekin >i=
1

τ

∫ τ

0

m

2

(
d~ri(t)

dt

)2

dt (11)

The excitation results from a displacement of an ion off its static position. The initial shift
of the ith ion in the zx plane is given by dzi, dxi. The choice of the kicked ion, as well as the
direction in which this ion is displaced, influences the dynamics, as we discuss below. Obviously,
the phase of the ion crystal plays a major role for the properties of the system as well.

Analytic evaluation of the integral (11) with the solution of the harmonic approximation
(9) gives:

< Ekin >i =
m

2

2N∑
a,b

viav
i
bba(0)bb(0)ωaωbΓ(ωa, ωb, τ)

Γ(ωa, ωb, τ) =
ωb sin(ωaτ) cos(ωbτ)− ωa cos(ωaτ) sin(ωaτ)

(ω2
a − ω2

b )τ
−−−→
τ→∞

1

2
δωa,ωb

(12)

Since the harmonic approximation provides an analytic expression for average properties, it is
possible to investigate the solution for an infinitely long averaging time τ . This solution gets
rid of all finite averaging time effects and shows the average kinetic distribution in the steady
state. Comparing the evaluation of equation (12) with the results of a numerical molecular
dynamics simulation will reveal possible dynamics that cannot be described by the harmonic
approximation.
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3.1 Linear phase
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Figure 8: Coulomb crystal of 30 ions in the linear phase.

For large values of α the ion crystal forms a chain. The trapping potential in the x-direction
is so steep that it is energetically beneficial for the ions to align along the z-axis. This holds as
long as α is larger than the critical value for the transition into the zigzag phase. The critical
value for the given choices of parameters is αcrit = 11.98, as we will deduce below. For any
α larger than that, the ions stay in the configuration seen in figure 8. Obviously the chain is
symmetric, which is also visible from the excitation properties discussed below.

Due to the linear alignment of the atoms, a motion along the chain cannot translate into a
motion perpendicular to the chain. The other way around, a motion of an ion in the transversal
direction can force its neighbors to move along the chain. However, this effect is of higher
order and therefore highly suppressed. A coupling between motions in the two perpendicular
dimensions is forbidden in the harmonic approximation. This holds as long as no thermal
oscillations of the ions are introduced.

In other words, the eigenmodes of the system divide into two subsets that contain N modes
each. One set of modes has only an amplitude in the axial direction, the other one only in
radial direction. Consequently, any axial or radial displacement can maximally excite half of
the spectrum.

3.1.1 Axial dynamics
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Figure 9: Left: Eigenfrequencies of the 30 axial modes, normalized by ωz . The mode num-
bering is done in an frequency ascending way.
Right: The spatial amplitude distribution for mode 1 (red, common mode), 2 (blue, breathing
mode), 3 (green), 15 (orange) and 30 (purple). The arrows indicate the amplitude of the ions
in axial direction.
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Figure 10: The normalized absolute values of the initial amplitudes bi(0) for an axial displace-
ment of ion 1 (red), 7 (blue) and 15 (green).

Since α does not influence the confinement of the trap in z-direction, the choice of α re-
garding the axial motion in the linear phase is arbitrary. Changing α does neither change the
equilibrium positions of the ions nor the axial eigenmode spectrum, and thus does not influence
the excitation properties. Hence, α = 20 is fixed throughout this part.

For the axial motion only the axial set of eigenmodes plays a role. A small selection of
eigenmodes and the dispersion relation of the eigenfrequencies is displayed in figure 9. The
dispersion relation is almost linear, which has a large impact on the motion of a local excitation,
as shown later.

The inhomogeneity of the chain is reflected by the eigenmodes. The high-frequency modes
are concentrated in the middle of the chain, where ion distances are small. Lower modes are
delocalized, the mode with equal amplitude for all ions, the common mode, has the lowest
frequency. Hence, a displacement of an ion at the end of the chain cannot excite modes in the
upper spectrum. A motion at the chain center, however, couples to the whole axial spectrum.

This is shown quantitatively, if one plots the initial mode amplitudes bi(0) for different
local excitations (figure 10). A displacement of the first ion excites only the ten lowest modes,
while for an excitation at the chain center all modes participate. The dispersion relation and
the spatial structure of the populated modes will give us the arguments that are necessary to
explain the studied dynamics in the following.

The resulting energy evolution, coming from the axial displacement, is shown in figure 11.
The excitation travels like an almost dispersionless wave packet through the crystal and

bounces back at the boundaries. Only at longer times the excitation dephases. Due to the
quasi-linear dispersion of the axial modes, the phase velocity and the group velocity of the
wave packet are comparable. This leads to the almost dispersionless behavior similar to acoustic
phonons in a solid.

Due to the slow dispersion, the kicked ion and its mirror ion experience times of revivals
at which almost all kinetic energy is focused at these ions. Because the mode frequencies are
close to being equally spaced there exist values of t at which all modes have a relative phase of
0 or π. At these times the excitation package is located at its origin or the ion at the other end
of the chain. For longer times the small nonlinearities in the dispersion relation become more
important, so that revivals become less pronounced.

Let us have a look at the average distribution of the kinetic energy. For a large enough
averaging time τ the average kinetic energy of each ion should settle to a static value that is
given by the steady state solution. In figure 12 it is shown that this is the case for τ >600µs.

As expected from the energy evolution, the kicked ion and the mirror ion on the other
side of the chain contain the most energy on average. Displacing a single ion always initiates
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Figure 11: Time-resolved dynamics of the kinetic energy brought into the system by displacing
the first (left) and the seventh (right) ion in axial dimension. The calculations have been done
with the harmonic approximation.

strong motion in two ions due to symmetry reasons. The numerical simulation agrees with
the harmonic approximation, confirming that higher-order effects are strongly suppressed. A
slightly increased energy of the ions in the solution with full Coulomb interaction stems from
the fact that the harmonic approximation underestimates the total energy in the system. The
total energy due to the displacement is depicted in the appendix 5.1. Apart from this small
mismatch, the dynamics itself is highly linear in the chain. The result for the displacement of
the seventh ion confirms this. In this scenario the outer ions have the least energy while ion
7 and 24 contain the most energy on average. The energy scales are notably higher than for
the excitation of the edge. As a consequence of the shorter ion distances at the chains center,
a displacement of the seventh ion requires more energy in total.
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Figure 12: The average energy distribution for an initial kick of the first (left) and seventh
(right) ion. τ was 0.6 ms, dz was 1 µm. The curve for the harmonic result (blue) and the
steady state (black) match. A numerical result is shown in red.
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Figure 13: Left: The dispersion relation of the transversal modes for α = 20 (red) and α = 13
(blue). The frequencies have been normalized by ωz .
Right: Dependence of the 30 transversal modes on α in the linear phase.

3.1.2 Radial dynamics

In this chapter we analyze the dynamics of the ions perpendicular to the z-axis. The
eigenmode frequencies depend on α, since this parameter controls the radial trap confinement.
This can be seen in figure 13. In general, the frequencies increase approximately linear with α,
but deviate from the linear behavior as α approaches 11.98. This is the critical value for the
structural phase transition that will be of interest in the next section. The dispersion relation
of the radial eigenmodes is clearly nonlinear, which makes a difference for the motion of the
excitation.

Note that the spatial shape of the eigenmodes does not alter from the axial case seen in figure
9. However, for the transversal motion the delocalized modes have the highest eigenfrequency,
while modes that are localized at the chain center have the lowest frequency. Therefore, a
displacement of an edge ion populates only the 10 highest modes, i.e. those that depend almost
linearly on α.

Now we look into the dynamics that result from a radial displacement of an ion. In figure
14 is shown how transversal kinetic energy propagates through the chain. There are a few
differences in comparison to figure 11, although α = 20 holds in both. First of all, the excitation
has a much smaller group velocity, for t = 100 µs the kinetic energy is still located in the left
half of the crystal. The excited, high-frequency modes have almost no slope in the dispersion
relation, so that the excitation does not propagate as fast as the axial one. Secondly, the kinetic
energy does not stay contained in a single wave packet but dephases much quicker due to the
non-equidistant frequencies of the modes. This is also the reason why no well-focused revivals
can be seen.

Note that, although the exact time and energy scales depend on the value of α, the qualita-
tive picture, however, stays the same, even for α close to the phase transition. It is clear that
for a stronger radial confinement a displacement of a fixed amplitude puts more energy into the
system. The kick energy increases quadratically with α. In opposition to that, the timescale
necessary for energy equilibrium increases linearly with α. From the frequency spectrum in
figure 13, it is visible that the eigenfrequencies bunch up for high values of α. The quench of
the frequency spacing decreases the group velocity of the excitations. Thus, the system needs
a longer time to find its steady state. For α = 20 a τ on the order of a few milliseconds is nec-
essary to obtain the energy distribution close the equilibrium, while for α = 13 one millisecond
is sufficient.

The energy distribution in figure 15 looks much like in the axial case discussed before. Since
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Figure 14: Propagation of kinetic energy for a displacement of the first (left) and the seventh
(right) ion in transversal direction for α = 20. Dynamics are shown in harmonic approximation.

the spatial structure of the eigenmodes is the same for both dimensions, the kicked ion and the
mirror ion contain again the most energy on average. Like in the case before, the numerical
result shows the absence of anharmonicities. A transversal kick of an ion closer to the center
of the chain is less energetic, as the curve for the kick of ion 7 shows. The smaller particle
distances in the center make a displacement in radial direction energetically cheaper because
the strong Coulomb repulsion in this area favors the increased ion distances.
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Figure 15: Left: The average energy distribution for a transversal kick at ion 1 of dx = 1 µm
after τ = 1.2 ms. The steady state solution (black) and a numerical result (red) are shown.
The result in the linearized model is identical to the numerical curve.
Right: The energy distribution after τ = 1.2 ms for kick of ion 7. The displacement was 1
µm. For α = 20 the numerical curve is shown in red, the result for α = 13 is shown in green.
The black line shows the steady state in harmonic approximation.
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3.2 Zigzag phase
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Figure 16: Coulomb crystal in zigzag phase for α = 11. The spatial phase transition is located
at z ≈ ± 50 µm.

When lowering α below the critical value αcrit = 11.98 the chain configuration becomes
unstable. The Coulomb repulsion of the ions becomes stronger than the radial confinement of
the trap. The new equilibrium positions are partly off the z-axis, forming the known zigzag
structure. Since the Coulomb repulsion is strongest where the ion distances are lowest, the
phase transition takes place in the chain center first. This leaves a spatial phase transition in
the crystal, where the outer domains are still in the linear phase due to the larger ion distances
(figure 16). When quenching α further away from its critical value, the two-dimensional region
in the center grows towards the edges.

This second-order phase transition is reflected in the eigenmode spectrum. At the critical
point, the frequency of the lowest transversal eigenmode vanishes (figure 17). Note that this
mode was localized at the chain center, explaining why the transition only takes place locally
[40]. In order to study the dynamics, one has to consider the full set of eigenmodes, since the
spectrum does not separate into axial and radial modes any longer. In the zigzag phase an
axial excitation can populate modes that have a radial contribution and vice versa.

However, the dispersion relation of the full set of eigenmodes still shows features of the two
subsets seen before. For instance, the lowest and the highest modes are still almost equidistant,
indicating that these are modes with a strong axial amplitude, while the modes 30 to 45 have
almost the same dispersion as the purely transversal modes in the linear phase. This suggests
that the distinction between the axial and radial excitation still makes sense in the zigzag phase.

In the following, the results for the excitation dynamics in the Coulomb crystal with a linear
and a zigzag domain are presented.
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Figure 17: Left: Eigenmode spectrum around the phase transition at αcrit = 11.98.
Right: Dispersion relation of the eigenmodes for α = 11.
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Figure 18: Absolute values of initial mode amplitudes bi(0) for an axial (left) and radial (right)
excitation of ion 1 (red) and ion 13 (blue) at α = 11.

3.2.1 Axial dynamics

In this section, all displacements are made in the axial direction. In figure 18 we project the
axial displacement into mode amplitudes bi(0). An excitation at the first ion only couples to
the lowest 30 modes. However, it still does not couple strongly to those modes that are mainly
transversal. Disturbing an ion in the zigzag domain populates the whole spectrum, showing
that in the zigzag domain the two dimensions are coupled.

This leads to the dynamics shown in figure 19. For the displacement in the linear domain the
kinetic energy moves much like in figure 11, because the crystal is locally still in the linear phase.
The mode structures and dispersion relation of the relevant modes looks accordingly, as seen
before. But the zigzag domain in the crystal reduces the transport to the other end, resulting in
a blockade for times t < 100 µs. This is due to the spatial structure of the participating modes.
The modes with a high amplitude in figure 18 have their major contributions in the linear
domains. Therefore, for short times the excitation stays in the linear part of the crystal. The
blockade is not observable for an excitation inside the zigzag domain. For this setup practically
all modes have a significant amplitude, making sure that the energy reaches all regions of the
crystal, also for short times.

The average energy distribution in figure 20 shows an interesting behavior related to these
dynamics. The distribution of energy shows additional maxima at the spatial phase transitions.
These maxima exist independently of the initial kick position. Some modes in the lower spec-
trum have large amplitudes in the transversal direction at the spatial phase transitions. They
are driving the growth of the zigzag domain, but also increase the transversal kinetic energy of
the ions locally, when excited. This feature is also seen for an axial displacement of an ion in
the zigzag domain, for which anharmonicities are stronger due to the increased kick energy.

To show that the energy confinement is related to the spatial phase transition, the average
energy for different α is plotted in figure 21. The energy maxima move apart for lower values
of α, indicating that they are located at the phase borders. In addition, there seem to exist
special values of α at which the energy distribution is not symmetric. The excitation rather
stays in the half of the initial displacement.

A look at the average energy of an ion in the left crystal half reveals that indeed an energy
localization takes place. Since the steady state solution for the resonant α values does not
display an asymmetric energy distribution, it can be concluded that the necessary averaging
time for the steady state is much larger in these configurations. A nice example is α = 11.13.
The graph shows that the energy distribution is not in steady state for τ = 4 ms, the system
takes up to several seconds (!) to equilibrate. Similar features can be seen at other values of α.
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Figure 19: Energy evolution for a displacement of the first (left) and thirteenth (right) ion at
α = 11. The graph is calculated with the harmonic approximation.

These long timescales are caused by two excited modes that become degenerate. An example
of this is shown in figure 22. When the frequency difference of two modes becomes infinitesimally
small they dephase arbitrarily slow, resulting in an asymmetric energy distribution. The spatial
structure of the modes of interest determines which ions reach their steady state energy at these
long timescales. For ions which do not contribute to the modes shown in figure 22 the steady
state is established in milliseconds.

Another feature can be observed close to the phase transition. The numerical simulation
for the energy of ions in the zigzag domain differs heavily from the harmonic approximation,
indicating strong nonlinearities. As mentioned above, the ground state of the two-dimensional
crystal is double degenerate due to the mirror symmetry x ↔ −x. Therefore, a second stable
configuration, a zagzig, exists. Transforming the one into the other is only possible, if the
system energy is beyond a certain threshold. This energy threshold is given by the potential
barrier between the two configurations in the potential landscape of the phase space. Close to
the linear to zigzag transformation this barrier is small and grows for smaller α values, since
the radial spread of the crystal increases. The potential barrier can be approximated by the
energy difference between any of the two ground states and a linear state, in which the ions
align again along the z-axis. Considering a calculation of the potential landscape by changing
the configuration adiabatically would give the exact energy necessary to overcome the barrier
between zigzag and zagzig state.

The energy barrier estimate in figure 22 reveals that the potential difference is smaller than
the energy due to the displacement for α > 11.8. Of course, the barrier vanishes for α > αcrit,
since the chain becomes the stable configuration. Between these α values the energy of the
system is larger than the barrier height. The energy allows for a transition between the two
ground states. This dynamics is highly nonlinear, since the configuration of the system shifts
far away from the initial state and the harmonic approximation around a minimum of the
potential cannot apply. This nonlinear motion reveals itself in figure 24 in an increased kinetic
energy of the ions in the two-dimensional phase, because the crystal is switching between the
two ground states.
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Figure 20: Average energy distribution for a displacement of the first (left) and thirteenth
(right) ion of 1 µm. The averaging time τ was 4 ms and α is 11. The red line is the numerical
result, blue is the harmonic approximation close to the black steady state solution.
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Figure 21: Left: The energy distribution dependent on α calculated by numerical methods.
The first ion was displaced by 1 µm and the energy average over τ = 4 ms.
Right: Average energy of the 12th ion dependent on α , again for τ = 4 ms in harmonic
approximation (blue) and for full Coulomb interaction (red). The black line indicates the
steady state.

As we will see for the transversal kick, there is another condition to be fulfilled in order
to obtain the nonlinearities: modes that are able to connect the zigzag to the zagzig must be
populated by the initial excitation. These modes have a large radial contribution in the zigzag
domain with upper and lower ion string swinging against each other. If this motion is not
triggered by the excitation, the kinetic energy is well described by the linearized model.
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3.2.2 Radial dynamics
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Figure 23: Average energy distribution for α = 11 after 4 ms for a kick of ion 1 (left) and ion
13 (right). In both cases the displacement was dx = 1 µm. The diagrams show the numerical
(red) result as well as the harmonic (blue) one. The steady state is shown by a black line.

Displacing an ion into the x-direction introduces some changes. Figure 18 already shows
that a completely different set of modes is relevant for a displacement of the first ion. These
are the modes that maintained the radial dispersion relation in figure 17. Therefore, the energy
evolves like in the linear phase. Again, any ion in the zigzag domain couples to all modes.

This is also the reason why the short-time blockade that was present for an axial excitation
of the first ion cannot be obtained for the radial direction. The energy distribution in figure
23 does not show the characteristic maxima at the spatial phase transition. The excitation in
transversal direction travels through the zigzag domain undisturbed. The modes localized at
the borders of the zigzag domain are not excited by the kick, they lay in the lower part of the
spectrum that has zero contribution to the dynamics (see figure 18). Therefore, the central
part of the crystal is transparent for the excitation and the energy distribution looks similar to
the one in the linear phase. For a kick of an ion in the zigzag domain however, this changes.
The lower region of the spectrum is populated, so that the energy is confined at the phase
transition. Regardless of the initial kick position the energy distribution is symmetric in all
cases. Thus, the disturbed and its mirror ion concentrate the most energy on average.

The different mode occupancy shows itself as well when one tries to find mode crossings and
anharmonicities. In the previous section, we saw that the degeneracy of two populated modes
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Figure 24: Average energy of the excited ion (left: ion 1 and right: ion 13) for averaging time
of 4 ms and a displacement of 1 µm. The red curve is the numerical result, blue shows the
harmonic approximation, the black line indicates the steady state.

causes an energy asymmetry for a long timescale. This effect is only present for much lower
values of α seen in figure 24. Between α = 5 and α = 8 two modes with strong amplitudes for the
kick at ion 1 are close together in the spectrum and eventually cross at α = 7.7. Interestingly,
the numerical result coincides with the harmonic approximation even for α values close to the
phase transition. The necessary motion between the zigzag and the zagzig configuration is not
triggered by the excitation. Therefore, the system stays close to the zigzag ground state and
the linearization is valid up to a high degree.

Although the transversal displacement in the zigzag domain is less energetic than at the
crystal edges, the anharmonicities are stronger as the plot for the excitation of ion 13 shows.
In the two-dimensional area of the crystal the ions sit closer together, making them more
sensitive to corrections to the harmonic approximation. However, the deviation between the
full calculation and the linearized model is in the percent domain. The effects of mode crossings
can also be seen for the kick of ion 13 for lower α. They are less pronounced than in the former
case because more modes are participating. A degeneracy of two modes does not influence the
equilibration heavily.
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3.3 Zigzag phase with a kink
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Figure 25: Ion crystal with kink in three different phases. In the top diagram α is 6.2 (sliding
phase). In the middle plot α = 6.8 holds (pinned phase). Bottom diagram is for α = 8 (odd
phase).

In this last section a kink is placed into the zigzag domain, the crystal has the shape seen
in figure 25. The kink defect exhibits three different phases, dependent on the choice of α. For
small α the defect is in the sliding phase, which is characterised by zi ↔ −zi symmetry. The
kink is marked by the two ions closest to the trap center, sitting in the same string of ions. The
crystal symmetry is broken for larger α, showing that the kink is in the pinned phase. Above
α = 7.75 the radial confinement of the trap is so strong that one single ion slips in between
the two ion strings. This is the odd phase. For all these phases a small linear domain at the
crystal edges exists.

The different phases of the topological defect influence the eigenmode spectrum in figure
26. In the low energy part a spatially localized mode emerges, called the kink mode. Its mode
frequency vanishes at α = 6.41, marking the finite-Aubry transition between the sliding and
the pinned phase. A look at the structure of the kink mode shows that it consists of an axial
shear motion in the defect area, therefore driving the symmetry breaking seen in figure 25.

Around the second phase transition the kink mode sinks below the axial common mode
again, but maintains its finite frequency. The mode now looks differently, it describes the
radial motion of the central kink ion that slips onto the z-axis.

At the same time, the PN potential acting onto the kink changes its form. At the transition
to the odd phase its global structure becomes unstable [19]. However, this does not necessarily
result in a loss of the kink because the finite PN barriers stabilize the defect inside the crystal
by providing local energy minima. However, the height of the barriers decreases for higher α
until they eventually vanish. For α > 9.1 the kink slips out of the Coulomb crystal because
the PN barriers are not sufficient to keep the solitonic excitation. Consequently, the kink mode
disappears from the spectrum.

On the other side, for α < 4.9 the radial trapping is so low that the crystal gives up his
zigzag shape. Similar to the phase transition from the linear to the zigzag phase, the charged
particles reduce their Coulomb energy by increasing ion distances. The new phase consists of
three strings of ions in the zx plane. This marks the other end of the α range in which the kink
is stable. The experimentally observable shape for α values far away from this range depend
also on the experimentally realizable β values.

Since the equilibrium of the ions is not symmetric in the pinned and the odd phase, the mode
spectrum features asymmetric eigenmodes. The kink mode, for instance, cannot be symmetric
in these phases because it is a localized motion of the defect in the zigzag phase. For α > 6.41
the kink is dislocated from its initial symmetry position at z = 0. On the contrary, the common
modes persist in the asymmetric phases and are highly symmetric.
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Figure 26: The eigenmode spectrum of the system with the sliding to pinning transition and
pinned to odd transition. All frequencies are normalized by ωz . The kink mode is shown in
red, the axial common mode is indicated by the blue curve.

Due to the existence of unsymmetric eigenmodes in the spectrum, it is no longer clear that
the energy dynamics and its average properties exhibit mirror symmetry z ↔ −z. In order to
give a measure for the asymmetry in the energy distribution, ∆E is introduced:

∆E =

∑N/2
i=1 < Ekin >i∑N
i=1 < Ekin >i

(13)

It is defined by the ratio of the energy of the first 15 ions divided by the total kinetic energy in
the crystal. In other words, it gives a measure of how much of the total kinetic energy is located
in the left half of the crystal. A value of 50 % would mean that the distribution is symmetric,
any deviation would prove that energy localization takes place. One possible reason is the mode
crossings observed in the zigzag phase, which result in a asymmetric energy distribution.

3.3.1 Axial dynamics

Regardless of the presence of the defect in the crystal, it still holds that an axial distortion
in the linear domain only couples to low-frequency modes. The whole spectrum is again only
available for excitations in the zigzag domain. Since the kink sits between the zigzag and the
zagzig configurations, which are located in the left and the right half, the crystal looks locally
defectless at the edges. Therefore, the main features for an excitation of the first ion in the
regular zigzag crystal survive. This includes the reduced transport of energy at the spatial
phase transition between linear and zigzag domain. The energy packet cannot enter the zigzag
domain for a timescale of several hundreds microseconds. An increased average energy in the
region of z ≈ ± 100 µm is the consequence.

Since we treated the defectless zigzag phase in the previous section, the focus in this part
lays on the symmetry breaking and the accompanied change in the mode spectrum of the
kink phases. The immense difference in the excitation dynamics can be seen in figure 27.
There, the time evolution of the kinetic energy for an initial kick of the seventh ion, which
is located in the zigzag domain, is shown. In the sliding phase the kink poses no hindrance
for the excitation. The energy can propagate across the whole system in tens of microseconds
and finds its equilibrium in milliseconds. Once the transition to a symmetry broken phase is
crossed, the kink no longer allows these dynamics. The energy bounces off the defect and stays
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Figure 27: The energy evolution for a kick of the seventh ion in the sliding phase (left,
α = 5.5) and the pinned phase (right, α = 6.8). These dynamics are calculated in harmonic
approximation for a kick of 1 µm.

confined in the left half of the crystal. The energy transport is highly suppressed, resulting in
energy localization. That the energy distribution is asymmetric even for long timescales in the
pinned phase can be seen in figure 28.

In the sliding phase the distribution is symmetric, reflecting the fact that the crystal has
mirror symmetry. The third ion shows a small energy peak, coming from the spatial phase
transition from the linear to the zigzag domain. The solution for the harmonic approximation
and the steady state show that the system has reached its equilibrium and the numerical result
is in good agreement with the analytical graph.

In the pinned phase however, the situation changes. The majority of the kinetic energy is
localized in the excited half of the crystal, resulting in an asymmetric energy distribution. This
is not caused by a slow equilibration, since the steady state solution is also not symmetric.
The participating modes are localized in one half of the system and forbid an effective energy
transport into the other half.
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Figure 28: Average energy distribution for an axial kick of the first ion in sliding phase (left,
α = 5.5) and pinned phase (right, α = 6.8). Averaging time τ was 100 ms. The red line is the
numerical result, blue indicates harmonic approximation. The steady state is shown in black.
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Figure 29: ∆E for a displacement of 1 µm of the first (left) and the seventh (right) ion. The
averaging time τ was 100 ms. Numerical result in red, approximation in blue and steady state
solution in black. The orange curve is the numerical result for a smaller kick of 0.1 µm.

To quantify how asymmetric the distribution is, one can have a look at ∆E in figure 29. The
energy distribution is asymmetric for a displacement of ion 1 for α > 5.7, although the finite-
Aubry transition takes place at α = 6.41. In the sliding phase no mode can be asymmetric,
thus the localization can again only stem from a mode degeneracy. The steady state solution
confirms this, it has ∆E = 0.5 for all α values below the finite-Aubry transition. A study of
the spectrum shows that, in fact, strongly excited modes are quasi-degenerate for 5.7 < α <
6.4.

In the pinned phase the harmonic result and the steady state solution show both energy
localization of up to 90 %! The numerical result with the full interaction term, however,
deviates from the harmonic curve for certain values of α. Higher-order effects cause a return
to the symmetric distribution. These effects take place on a much longer timescale than the
energy equilibration, as they become visible for an averaging time of tens of milliseconds, while
the distribution settles into the steady state at around 5 milliseconds. The reason behind the
strong anharmonicities for selected α values will become clear in the next section.

A stronger signal of ∆E for a broad α range may be observed for the displacement of the
seventh ion. This comes from the fact that the whole spectrum of eigenmodes is of importance,
so that all asymmetric modes contribute to the energy localization. However, similar to the
results of the section above, the dynamics is more sensitive to nonlinear effects. For a kick
of 1 µm the numerical result deviates from the linearized model, showing a reduced energy
localization.

3.3.2 Radial dynamics

Due to reasons mentioned in the section above, a radial displacement in the linear domain
couples to the middle part of the spectrum. Like seen in figure 18, only very few modes are
important for the kick of ion 1. This leads to simpler energy distributions and localizations, as
we will see in the following.

First of all, the finite-Aubry transition and its symmetry breaking affects all parts of the
spectrum, as it is clear from the results of the axial excitation inside the zigzag domain. There,
all modes had a nonzero amplitude and the resulting energy localization is clearly visible. Also
for the radial displacement of the first ion, the pinned phase shows itself in the energy dynamics.
The change of the kink structure at α = 6.41 is responsible for a strong asymmetry in the energy
distribution, seen in figure 30.
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Figure 30: Average energy distribution after averaging over 100 ms for α = 6.0 (left) and α =
6.8 (right). The first ion was displaced by 1 µm. Numerical simulation in red, the linear result
in blue and steady state in black.
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Figure 31: ∆E for a radial kick of the first ion. The averaging time τ was 100 ms and the
displacement 1 µm. This has been calculated by numerical means (red) and analytically (blue).
The purple data is for a kick of 0.5 µm, orange graph is averaged over 20 ms.
The inlay in the right graph shows the frequency of mode 34 (red), the sum of the frequencies
of mode 9 and 11 (blue) and the sum of mode frequencies 9 and 10 (green).

The few modes contributing have a significant amplitude only at the excited ion. In the
sliding phase, however, they must be symmetric, so that ion 30 has the same energy as ion
1. Also a small energy confinement around the linear-zigzag transition is again obtained. The
graph shows as well that the system is linear, no anharmonicities are important. On the
contrary, in the pinned phase the distribution shows only a peak for the initially excited ion,
all other ions have less than a quarter of the energy of the first ion! The numerics show a slight
deviation from the linearized model.

The results of the energy distribution are confirmed by figure 31. For α > 6.41 the curve
for ∆E shows that over 90 % of the total kinetic energy can stay in the left half of the crystal,
mostly in the kicked ion. Two clear maxima of ∆E are seen when the system is deep in the
pinned or the odd phase. However, this is partially countered by third-order effects, which are
remarkable only in a few selected ranges of α. In agreement with the previous part, the borders
of these anharmonic regions are quite sharp. Note that a change of a few hundredths in α might
give a distribution close to symmetry or a high value of ∆E. The width of the anharmonic
deviations depends on the initial kick size, which is visible in figure 31 (right). ∆E approaches
the symmetric value of 0.5 on the scale of tens of milliseconds, for τ = 20 ms the higher-order
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terms already give a significant signal.
The reason behind these anharmonic regions is a third-order resonance of eigenmodes. As

the inlay in figure 31 (right) shows, at the anharmonic regions the mode frequency of a strongly
excited mode is equal to the sum of two low-frequency modes. For the resonance around α =
7.01 the 34th mode is excited the most by the initial kick. The mode frequencies of the 9th
and the 11th mode add up to the frequency of the excited mode, making a third-order process
effective at exactly α = 7.01.

The Fourier analysis of the mode amplitudes provides a good understanding of the physics
at play. Projecting the ion displacements from their equilibrium positions onto the eigenmode
vectors gives the mode amplitudes at each time step. Lower modes that have not been excited
by the initial displacement exhibit a nonzero amplitude when choosing α inside the anharmonic
ranges of ∆E. Fourier transforming the oscillating mode amplitudes gives their finite amplitude
in the numerical simulation, which were not predicted by the harmonic approximation.

In addition, employing numerics to simulate the dynamics in third-order approximation
shows that the deviations from the linearized model are indeed due to three mode coupling,
ruling out that even higher orders are relevant. The results of this analysis are shown in the
appendix 5.2. Since the populated low-frequency modes have amplitude contributions on both
sides of the kink, their population reduces ∆E. These resonances can occur in the full range of
α , however they are only noticeable in the pinned phase by the reduction of energy localization.

Note that this third-order process is, of course, amplitude dependent, which is visible in
figure 32. For off-resonant values of α (e.g. α = 7.03) the energy localization is robust against
an initial displacement of over 1.5 µm. Closer to the third-order resonance, a smaller initial
displacement reduces the anharmonic effects significantly. At α = 7.01 the energy localization
is reduced even for an initial displacement of 0.25 µm.

In other words, the energy of the initial kick determines sharply how far away from a
resonance the third-order terms are contributing to the dynamics. For a small kick energy only
few α values show a deviation from the harmonic approximation, while for dx = 2.0 µm the
linearization is not applicable for all α values.

Similar to the section for the zigzag phase, there are also sharp peaks of energy localization in
the sliding phase (see figure 31). They are explainable in the harmonic approximation because
they come yet again from mode degeneracies in the spectrum. For the radial kick of the first
ion the timescales to reach the steady state distribution can become enormously large, given
that they cause a ∆E of above 80 % even after a τ of 100 ms.
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Figure 32: ∆E for a radial kick of the first ion and different initial displacement amplitudes
dx. The averaging time τ was 100 ms.

4 Conclusion and outlook

To close this work, the main findings are recapitulated and an overview of possible, further
investigations is given in this last section. The classical dynamics of a local excitation in
Coulomb crystals has been studied. The Paul trap potentials were far away from symmetry,
so that the system was in a linear or a zigzag phase. In the last part a topological defect
was placed in the crystal. All of these phases exhibit their own eigenmode spectrum, which is
crucial for the dynamics.

Since the crystal is inhomogeneous for all possible trap configurations, the position and
the direction of an excitation determines which part of the eigenmode spectrum takes part
in the dynamics. This influences the results even for the simplest phase, the linear phase.
Only low-frequency modes are coupled to an axial displacement at the crystal edges while a
displacement in the perpendicular direction excites the high-frequency modes. Their dispersion
relation explains the obtained time evolution.

Experiments confirm the results of this work for the linear phase [15]. The revivals of
kinetic energy of a displaced ion and the reduced energy in the bulk of the chain have been
measured. Revivals for an excitation of a single oscillation quantum confirm these properties
in the quantum regime [72].

Close to the second-order phase transition from the linear to the two-dimensional phase the
harmonic approximation fails to describe the system. Higher-order terms become important as
nonlinear regions far away from equilibrium are explored. When the energy in the system is
large enough a transformation between the two degenerate configurations of the zigzag and the
zagzig is possible.

Already in the harmonic approximation, the two-dimensional phase shows mode crossings
that slow down the equilibration of the system, resulting in an energy localization. These mode
degeneracies appear for several values of α , but influence the results only if the crossing modes
have a sufficient amplitude. This phenomenon is also present for systems with defects.

The reduced energy transport through the zigzag domain is also important for thermody-
namic properties as reference [73] shows. The structural phase transition to the zigzag phase
causes a reduced heat flux through the system. A linear temperature gradient is the result,
which was absent in the linear phase [13]. An increased local temperature at the zigzag domain
borders is also present for finite temperature, directly corresponding to results of this work.

As long as the system has no defects the crystal is symmetric, and so is the energy distri-
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bution. Only the timescale to reach equilibrium might differ. The key insight of this work that
energy localization in the excited half of the system takes place in the symmetry broken phases
of the kink. The eigenmodes are partially asymmetric, which has the consequence that only a
small part of the kick energy reaches the whole system. On a larger timescale nonlinear mode
couplings break the energy localization by populating symmetric eigenmodes. However, this
is only effective at certain α values which are determined by the eigenmode spectrum. This
process is very sensitive to α and separates the anharmonic resonances from regions where the
strong localization persists even at large timescales.

There are more phases of Coulomb crystals that could be interesting to investigate in future
works, including a three-dimensional crystal for lower β and a symmetric trap configuration
in two dimensions. It is unclear how a possible defect in these systems would influence the
dynamics. The eigenmode spectrum and the resulting dynamics in these systems could be a
topic of interest.

In addition, the system treated in this work was closed and had no thermal energy. An
interesting question would be whether the results can be retrieved in an open system with
thermal fluctuations. Moreover, is it possible to see the features summarized above in an
experimental realization of a crystal that is near the Doppler temperature? Similar to the
study of low-dimensional particle lattices [9], the thermal conduction of the considered systems
might also show abnormal features that could be explained by results of this work.

Last but not least, for very low temperatures the quantum nature of the ions should become
relevant. Observation of ergodicity breaking and energy localization in this kind of systems
could be conceivable. How does the nature of quantum theory and quantum tunneling effects
show themselves in Coulomb crystals? Studies have shown that the normal heat conductance
with a linear temperature gradient can be partially retrieved in a quantum system [10,13]. The
results from this work may hint towards a finite thermal conductivity coming from the kink
defect.

5 Appendix

5.1 Excitation energies

In this appendix we show how energetic the displacements that have been considered in this
work are. If the total energy brought into the system is too low, the experimental measurement
of the ion fluctuations due to the excitation becomes hard. Also, experimental Coulomb crystals
have a finite temperature, which was neglected throughout the treatment above. If the energy
scales of the excitations are well below the millikelvin temperature of the experiments, the
Brownian motion of the system dominates the energy distributions.

In figure 33 and 34 the displacement energies considered above are shown over a wide α
range. The calculations have been done for a regular zigzag phase for α < 11.98, since a defect
does not change the local crystal structure at the edges. Hence, excitation energies do not differ
significantly for the disturbed system.

The graphs show the potential energy difference between the equilibrium state and the
configuration with the displaced particle. To be able to compare these energies with the tem-
peratures of the experiments, the results have also been divided by the Boltzmann constant.

Note that according to the virial theorem only half of the shown energy is stored in the
average kinetic energy for a harmonic system.

For 1 micron the energyscales are around µeV which translates into several tens of mil-
likelvin. Only for the axial excitation at the crystal edges the displacement only costs a few
millikelvin. The higher ion distances at the position of ion 13 raise this value up to over 40
mK in the linear chain. For the transversal displacement energies are well above the Doppler
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Figure 33: Energy of an axial displacement of 1 µm of the first (left) and the 13th (right) ion.
The red line is given by the Coulomb potential,blue is the energy obtained by the harmonic
approximation.
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Figure 34: Energy of an radial displacement of 1 µm of the first (left) and the 13th (right) ion.
The red line is given by the Coulomb potential, blue is the energy obtained by the harmonic
approximation.

limit as well. In the linear regime the curve behaves quadratic as expected. For an ion inside
the crystal the occurrence of the phase transition increases the excitation energy. This also
coincides with stronger nonlinear terms, for values of α where ion 13 is located in the zigzag
the harmonic approximation of the kick energy is valid again.

The graphs not only show that the energy of the considered displacements is in a substantial
regime, but also justify the classical treatment of the posed questions. For these energy scales
the quantum nature of the particles should not alter the shown results. For instance, treating
the first ion in the linear phase as a quantum mechanical oscillator gives an average occupation
number of n̄ = 766 for the displacement of 1 µm.

5.2 Fourier spectrum

This section provides additional information about the third-order processes that are of
relevance for the energy localization in the pinned and odd phase of a kink, seen in section
3.3. In figure 35 the Fourier spectrum of the mode amplitudes is shown. The mode amplitudes
at each time step of the numerical simulation have been determined by projecting the ion
displacements onto the eigenmode vectors, i.e. bj(t) = ~vj ·d~u(t). Following this, the amplitudes
have been Fourier transformed by a standard discrete Fourier transform (DFT) method [45].
The results can be compared to the initial mode amplitudes to test for higher-order mode
couplings.
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Figure 35: Fourier spectrum of the oscillating mode amplitudes, that have been determined by
a numerical simulation (red). The initial displacement of the first ion was 1 µm, Left is for α
= 7.01, right for α = 7.03. The initial mode amplitudes given by the harmonic approximation
are shown via the blue dots.

The graphs reveal that for α = 7.01 the modes are coupled, so that the low-frequency part of
the spectrum is excited, although it was not populated by the initial displacement. Increasing
the value of α by 0.02 changes the spectrum significantly. The mode distribution remains
approximately the initial one. No modes gained an amplitude over a time of 100 milliseconds.
This analysis shows that higher-order mode couplings are responsible for the nonlinearities
obtained for α = 7.01. Furthermore, it gives details about which modes are coupled in the α
ranges that exhibit strong deviations from the linear dynamics. A similar procedure can be
done for other control parameter values, but lead to the same insights.
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